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I. INTRODUCTION

To determine validated sets of elementary chemical reactions for
use in predictive combustion models, we have chosen to simulate the one
dimensional, premixed, laminar flame. This approach has the advantage
that the predicted temperature and species profiles can in principal be
compared with suitable burner experiments of the same flame. The corre-
sponding equations are derived by Bird, Stewart and Lightfoot,l and by
Williams,2 and are given in Appendix A.

Such a simulation requires as input not only the kinetics informa-
tion (of our immediate interest), but also thermodynamic and transport
data. Fortunately the thermodynamics input is by and large well de-
fined.3,4 1In addition, while some transport coefficients are only well
defined through low temperature (< 1000 K) measurements,® the theory is
sufficiently developed to allow reasonable estimates to be made at higher
temperatures.6 A theory has been developed for multicomponent

. B Bird, W. S. Stewart and E. N. Lightfoot, Tramsport Phenomena,

John Wiley and Sons, NY, (1960).

ZF. A. Williams, Combustion Theory, Addison-Wesley, Reading, MA, (1965).

3p. R. Stull and H. Prophet, JANAF Thermochemical Tables, 2nd Edition,
NSRDS-NBS-37, June 1971.

43. Gordon and B. J. McBride, "Computer Program for Calculation of
Complex Chemical Equilibrium Compositions, Rocket Performance, Inci-
dent and Reflected Shocks and Chapman-Jouguet Detonations', NASA-SP-
273, (1971), (1976 program version).

5Y. S. Touloukian, P. E. Liley, and S. C. Saxena, Thermophysical
Properties of Matter, Vol. 3, Thermal Conductivity (Nonmetallic Liquids
and Gases), IFI/Plenum, NY-Washington, (1970).

6J. 0. Hirshfelder, C. F. Curtiss and R. B. Bird, Molecular Theory of
Gases 'and Liquids, 2nd printing, corrected, with notes, John Wiley and
Sons, NY, (1964).




mixtures,6'10 but it is computationally cumbersome. To circumvent this,
previous workers have generally employed some level of simplification,ll-21

7c. s. Wang Chang, G. E. Uhlenbeck and J. deBoer, Studies in Statistical

Mechanics, Vol. 2, John Wiley and Soms, NY, (1964).

8L. Monchick, K. S. Yun and E. A. Mason, "Formal Kinetic Theory of
Transport Phenoména in Polyatomic Gas Mixtures", J. Chem. Phys., 39,
654-699 (1963).

. Monchick, A. N. G. Pereira and E. A. Mason, "Heat Conductivity in

Polyatomic and Polar Gases and Gas Mixtures", J. Chem. Phys., 42, 3241-
3266 (1965).

L. Monchick, R. J. Munn and E. A. Mason, "Thermal Diffusion in Poly-
atomic Gases: A Generalized Stefan-Maxwell Diffusion Equation", J.
Chem. Phys., 45, 3051-3058 (19686).

G. Dixon-Lewis, et al., "Flame Structure and Flame Reaction Kinetics",
Proc. R. Soc., London A 317, 235-263 (1970); A 330,.199-218 (1972); A
331, 671-584 (1973); and A 346, 261-278 (1975).

2G. Dixon-Lewis, "Kinetic Mechanism, Structure and Properties of Pre-
mixed Flames in Hydrogen-Oxygen-Nitrogen Mixtures", Phil. Trans. R.
Soc., London, 292, 45-99 (1979).

ZSG. Tsatsaronis, "Prediction of Propagating Laminar Flames in Methane,

Oxygen, Nitrogen Mixtures'", Combust. and Flame, 33, 217-239 (1978).

14J. Warnatz, "Calculation of the Structure of Laminar Flat Flames 1;
Flame Velocity of Freely Propagating Ozone Decomposition Flames", Ber.
Bunsenges Phys. Chem., 82, 193-200 (1978).

10

11

1

5. B. Spalding and P. L. Stephenson, "Laminar Flame Propagation in
Hydrogen + Bromine Mixtures', Proc. R. Soc. London A, 324, 315-337
(1971).

16P. L. Stephenson and R. G. Taylor, "Laminar Flame Propagation in Hydro-

gen, Oxygen, Nitrogen Mixtures", Combust. and Flame 20, 231-244 (1973).

17L. D. Smoot, W. C. Hecker, and G. A. Williams, "Prediction of Propa-

gating Methane-Air Flames", Combust. and Flame 26, 323-342 (1976).

Wy, Warnatz, "Calculation of the Structure of Laminar Flat Flames II;
Flame Velocity and Structure of Freely Propagating Hydrogen-Oxygen and
Hydrogen-Air Flames", Ber. Bursenges Phys. Chem., 82, 643-649 (1978).

D. B. Spalding, P. L. Stephenson, and R. G. Taylor, "4 Caleulation Pro-
cedure for the Prediction of Laminar Flame Speeds', Combust. and Flame
17, 55-64 (1971).

L. Bledjian, "Computation of Time-Dependent Laminar Flame Structure",
Combust. and Flame, 20, 5-17 (1973).

E. Cramarossa and G. Dixon-Lewis, "Ozone Decomposition in Relation to
the Problem of the Existance of Steady-State Flames", Combust. and
Flame 16, 243-251 (1971).

19

20

21
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This paper addresses the question: which of the mathematical
approximations to the multicomponent transport properties provides a
desirable trade-off between precision and computational effort. Another
way of phrasing this question is to ask what loss in precision of pre-
dicted flame speeds and profiles occurs as the mathematical approxima-

tions to the multicomponent, polyatomic transport expressions are made
cruder.

We approach this problem by actually computing the flame properties
for a given flame with a fixed set of input conditions. The transport
algorithms are varied and the resulting flame speeds and profiles com-
pared. The numerical method is discussed in references 22 and 23. We
have selected the H2-02-Np system as the candidate flame because it has
a well characterized set of input parameters. (See Appendix B).

This paper is divided into the following sections. Section II out-
lines a sequence of five methods for approximating the transport
coefficients. Section III shows the numerical results of these approxi-
mation methods relative to the most accurate method, and Section IV dis-
cusses their relative precision for a set of five flames. Based on these
results, we outline in Section V an algorithm which provides a reasonable
balance between computational effort and theoretical rigor and includes
a crude approximation for the effects of thermal diffusion. There are
several appendices that contain sufficient detail to reproduce our com-
putations.

ITI. APPROXIMATION METHODS

In this section we outline five approximations to the multicom-
ponent, polyatomic formalism, based on the theory of Wang Chang and
Uhlenbeck.6"10 We start with the most accurate and progressively consider
cruder approximations. Method I is the three term Sonine approximation
to the formalism. Dixon-Lewis (DL)24 gives a discussion of this approxi-
mation, and we will generally follow his approach. Method II involves a
level of approximation using smaller matrices. Methods III and IV use

2 Coffee and J. M. Heimerl, "A Method for Computing the Flame

Speed for a Laminar, Premized, One Dimensional Flame", BRL Technical
Report, ARBRL-TR-02212, Jan 80.
23T. P. Coffee, "A Computer Code for the Solution of the Equations
Governing a Laminar, Premized, One Dimensional Flame', BRL Memorandum
Report, to be published.
24G. Dixon-Lewis, "Flame Structure and Flame Reaction Kinetics II.
Tyansport Phenomena in Multicomponent Systems', Proc. Roy. Soc. A 307,
111-135 (1968).
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non-matrix techniques. Method V discusses the case of constant trans-
port parameters. In each case we need to determine the diffusion velo-
cities Vi, i =1, 2, ... N, and the heat flux q.

A. Method I

Following (DL), we can write

N N i
3T RTD; - 3Xj
= -y 8T _ RTDj ~ 3Xj
qe B, Vgl =l s T iy Oy (1)
i=1 i=1 11
and
1 Ny 3Xj Dil 3
V. =g ¢ SLp, 220 .21 2 pny, (2a)
i X, .C. X, Tij 9x pY. 9x
1 3j=1"j 1
or
V. =V, + W,, ' (2b)
1 1 1

a notation we will later find convenient. The diffusion coefficients
can be written in terms of the Sonine expansion coefficients,

N
I MX
Jyx LT ket KR gy a5
iy "%/ T, 100
j
and
T _ 8 MiXj .1
i TSR %00 e

Substituting equations (3) and (4) into equation (2) we find

N s onvs
16T 1i 3Xj, 8T 1 3
Vi = ‘§5'j§1 (ci00 3x 7 ~ 5p 200 3x 40 T) . )

12



Similarly, we can write
-4 i Moleran © (6)

The diffusion velocities and the heat flux are now defined in terms

1 1 1 1ji .
of the al00° %i10° 2i01° and 00 If we use three terms in the poly-

nominal expansion, these are defined implicitly by the equations

L (al 1 L i ! 1 T
100 ** oo’ 110 *° 210’ %101 7 ?Nol
= (0 0,X XX X )T (7)
oo Oy mee Booly oma B
and
(L) (1K lhk _lhk (lhk  lhk oLhk,T
100 ** Noo’ €110 *** SN10’ “101 " “NO1
= (6 = Syp +or Oy - Syke O +e- 0, 0. 0) k=1 LN, (8)

The elements of the 3N by 3N matrix (L) are given in Appendix C. The
procedures we have used for computing these elements are discussed in
Appendix D.

From equation (8), it appears that we must solve N2 sets of
equations to obtain the ci%é. In fact, it has been recommended6’8’24
that only the a terms be computed using this level of approximation, and
that the ¢ terms be computed using a one term expansion (see Method I11).

However, this is not necessary if we observe that we are only
interested in the Vi's, and not directly in the ¢ terms. We can convert
the c-vector in equation (8) to a vector whose elements are in fact the
16T 9Xp
7P 3%

Vi by multiplying each equation of (8) by and then summing over

h. After some algebra we find
T 16T

(L (Vl VN’ ..... ) = (——-5

16T

P

0 ...0,0...00%(9)

2
5

[y°]
o3
[\
Q

X x ?

13



Equation (9) shows that we can solve directly for the required V; and
that the right hand side is not a function of either h or k.

In solving for the transport in our code, we decompose (L) as the
product of an upper matrix multiplying a lower matrix. Equations (7)
and (9) can then be solved efficiently by back substitution. It is com-
putationally efficient to do this rather than generate another, smaller
matrix for the Vi using a one term approximation and solving this new
system. To solve these systems of algebraic equations we have used an
assembly language algorithm?5 which has been found to execute on the BRL
CDC 7600 about five times faster than the equivalent FORTRAN coding.

B. Method II

The above formalism is quite complicated to work with, and so
further simplifications are almost invariably made.

For diffusion, we can simplify by taking only one term in the
Sonine polynomial expansions. This results in

00,00, . lhk 1hk T _ ) I _
(L ) (Cgg o+ SNo@) = Byp=8ips +ee Sp-Syp)” Mk =1 ... N, (10)
00,00

where the elements of (L ) are defined in Appendix C. This can be
rearranged® to give the Stefan-Maxwell equations, namely,

N :
9Xi _ XiXj .
T = jzl —%;; (Vj - Vi), i=l ... N, (11)

This set of equations is not independent, and the constraint

N
I Y.V, =0 (12)

must be used in place of one of the equations in (11). Then the dif-
fusion velocities can be found by solving a set of N equations in N

unknowns. This approach gives zero for the thermal diffusion velocity,
Wy .

?®A. c. Bindmavsh, L. J. Sloan, K. W. Fong, and G. H. Rodrique, "DEC/

SOL: Solution of Dense Systems of Linear Algebraic Equations',
Lawrence Livermore Laboratory, UCID-30137, 1976.

14



Thermal conductivity cannot be simplified this easily. However,
ignoring internal energy, we can obtain the matrix form

10,10 1 1 T _ T
L (a110 LI aNlO) E (xl’ LI XN) ) (13)
. 126
where A = A =-4 ¥ X.a.... This form will be valid for a
o} o,tr i"110

mixture of monatomic gaSes.

To define the heat conductivity for a mixture of polyatomic gases,
we adopt Hirshfelder's* Eucken-type relation,27,5

1 N s »mon
APOLY _ ,mon oy 21 = AL : (14)
mix mix L1 4 3 Dii Xj
o O N,
j#L Tij i

The quantity Ao in method I is not exactly identical to the usual
thermal conductivity Aigiy, but can be interpreted as the thermal con-

ductivity of a mixture in which the diffusion forces vanish.

If the thermal diffusion coefficients are zero, as they are at this

level of approximation, then Ay = quly_

C. Method III

By making additional assumptions, the Stefan-Maxwell equations (11)
can be further simplified. A common assumption is that all but the ith
species move with the same velocity V. Then we find that

*

The detailed analysis of Monchick, et aZ.,9 shows that the Dij should
be Di,int,j. From a practical point of view we have taken Vi int,j
=Di4.

260. Muckenfuss and C. F. Curtiss, "Thermal Conductivity of Multicom-
ponent Gas Mixtures", J. Chem. Phys. 29, 1273-1277 (1958).

27J. 0. Hirshfelder, "Heat Conductivity in Polyatomic, Electronically
Excited, or Chemical Reacting Mixtures. III", Sixth International

Combustion Symposium, Reinhold Publishing Corporation, NY, 351-366 (1957).
15




X Xj
45 i =
iy v 2 g as)
: jA Tij
Employing (12) we find
- = YoM
Vv = Y (16)
i
which when substituted into (15) yields the formula recommended by
Hirshfelder and Curtiss28
o -Yi) 9Xj
Vi - x L Xj 9x ° 17
i j#i o

Unfortunately, the expression in (17) does not in general satisfy
equation (12). One technique to satisfy this constraint is due to Boris
and Oran.29 They note that if a set of diffusion velocities Vi satisfy
the Stefan-Maxwell equations (11), then so does the set (Vi + Vc), where
Ve is some constant. The value of Ve is chosen such that the constraint
(12) is satisfied.*

The heat conductivity formula employed at this level of approximation
is taken from Mason and Saxena's30,5 simplification of (14), specifi-
cally

28J. 0. Hirshelder and C. F. Curtiss, "Theory of Propagation of Flames

Part I: General Equations", Third International Combustion Symposium,
Williams and Wilkins Co., Baltimore, 121-127 (1949).

29E. S. Oran and J. P, Boris, "Detailed Modeling of Combustion Systems',

to appear in Progress in Energy and Combustion Science.

*
Boris and Oran also discuss higher order approximations to the Stefan-
Maxwell equations that will not be discussed here.

508, 4. Mason and 5. C. Saxena, "Approximate Formula for the Thermal

Conductivity of Gas Mixtures', Phys. Fluids, 1, 361-369 (1958).

16



N A
>\O = if__l 5 2. ¢i] (XJ/Xl) (18)
j#i
where
i =% Mk - L
6o = 185 q 4 MigTe g, niMiyi Miyk2 (19)
1j g% Mj ani Mj

D. Method IV

Equation (17) or some analogous form has often been used to compute
diffusion. However, the usual procedure has been to use (17) only to
compute Vi, ..., VN-1. Then Vy is computed from (12). This is less
accurate than the Boris and Oran procedure, expecially for VN'

Also, an empirical formula for the thermal conductivity,

AJ

(20)

is often used.31’5

Method IV is comprised of these common approximations.

E. Method V

In the case of a binary mixture the Stefan-Maxwell equations (11)
reduce to Fick's law. Specifically we have,

= p._3Y1
Ylvl 012 3x * (21)

SJJ. H. Burgoyne and F. Weinber, "A Method of Analysis of a Plane

Combustion Wave", Fourth Symposium on Combustion, Williams and Wilkins
Co., Baltimore, 294-302 (1953).

17



A generalization of (21) can be made,l and yields

oY
I
YiVi Dim ax ’ (22)
where

D. = _1‘__)(1. 0 (23)

im r X

j#i Dij
In the Lennard-Jones formalism Djj « Tl'S/Q(l’l)*, where Q(l’l)*

is approximately proportional to 1-0.17,32 gince p = T-1 it is not un-
reasonable to assume that p? Dij is approximately independent of temper-
ature. Generalizing, it is often assumed that (pzDim) is constant.
Likewise for a monatomic gas A « TO'S/Q(Z’Z)*, where 9(2’2 ¥ T'0'16,32
and it is not unreasonable to assume that (pA) is approximately indepen-
dent of temperature. We now outline a procedure that permits an

a priori selection of these quantities.

For a given flame we know Ty and Yj,, the temperature and the mass
fractions of the unburned mixture. We also have a chemical kinetics
scheme and a method of computing the specific heats cpi and specific
enthalpies hi. Since enthalpy is conserved, i.e.,

n ™~ =z
=

11}B

Y.h. = L Y.h. 5 (24)
1 i=] °

we can compute the adiabatic flame temperature Tgp. The numerical pro-
cedure is to guess a trial burned temperature Tt and, using an ODE pack-
age, find the corresponding equilibrium mass fractions Yit. We then
compute the enthalpy of the burned mixture and compare with the unburned
mixture enthalpy. Tt is iteratively adjusted until the burned and un-
burned mixture enthalpies agree to within a pre-determined error toler-
ance. We then accept these values of Tt and Yjt as Tp and Yig.

32A. A. Westenberg, "Present Status of Information on Transport Pro-

perties Applicable to Combustion Research", Combustion and Flame, 1,
346-358 (1957).

18



At this level of approximation we would like to use an appropriate

constant (or '‘global') cp.‘ So we will assume that Cpi = Cp = constant,
i=1...N. Then the relation h, = h{ + T ¢ . dT becomes h, = h® +
i i TO pi 1 i
Cp (T - TO) and the mixture enthalpy is given by
N N
T Y.h. = ¢ Y.hY +c_ (T-T)) . (25)
G [T e U P 0
i=1 i=1
Substituting (25) into (24) we find
N
o
AL RV
cp = : (26)
TB h Tu

As a heuristic rule, we select T = 0.5 (Tg + Ty) and Yj = 0.5
(Yigp * Yju) and then evaluate Dip and p) by using equations (23) and
(20), respectively. Then pzDim, i=1,2,...N-1, and pX are evaluated.
The diffusion velocity Vy is found from equation (12).

Otherslg‘21 have employed the concept of constant pzDim, px and cp,
but the method of evaluation varies from author to author.

I11. NUMERICAL RESULTS

Table 1 shows a summary of the five methods of computing the trans-
port properties used in this paper. Five Hp-0,-Np flames were selected
and their initial conditions listed in Table 2. The total pressure is
fixed at one atmosphere for all flames. The computed flame speed for
each flame as a function of transport method is tabulated in Table 3.
(The flame speeds for flame A are not corrected to 291 K, as has been
done.ll 1f this were done, the value Al for example would be 12.2 cm/s
instead of 14.1 cm/s.) The values of the flame speeds span a large
range and for a given flame are essentially independent of the transport
method. The largest difference between Method I, the most complete for-
mulation of the transport, and any other method is 16%. (Compare Methods
I and IT11, flame D). Note that even Method V gives results that are quite
close to the much more complex Method I.

19



TABLE 1. SUMMARY OF TRANSPORT METHODS

Method Remarks
L 3 terms of Sonine polynomial expansion (3 N by
3 N matrix); only method that has non-zero thermal
diffusion.
11 For diffusion, 1 term of Sonine polynomial expansion

(N by N matrix), Eq. (11) and (12). For thermal

conductivity, Hirshfelder-Eucken method (N by N
matrix), Eq. (13) and (14).

III Diffusion velocities computed from simplified
Stefan-Maxwell relation, Eq. (17). Each iﬁ adjusted

by a common factor, Vc’ so as to satisfy I Yivi = 0.

Thermal conductivity from Mason and Saxena, Eq. (18)
and (19).

IV Diffusion velocities computed from the simplified
Stefan-Maxwell relation, Eq. (17), for N-1 species.
VN is computed from Eq. (12). Empirical thermal
conductivity formula, Eq. (20).

Vv p2 Dip = constant; pA = constant; Cp = constant;
constants are determined a priori.

TABLE 2. INITIAL TEMPERATURE AND MOLE FRACTIONS
FOR THE FIVE FLAMES STUDIED

Flame XH2 X02 XN2 Ty
A .1883 .0460 .7657 336
B . 2000 .1680 .6320 298
(c: .5000 .1050 .3950 298
D .9000 .1000 0 298
E .6000 .4000 0 298

20



TABLE 3. FLAME SPEEDS CALCULATED USING
THE FIVE TRANSPORT MODELS

Flame 1 54 54 w v
A 14.1 14.6 14.9 14.9 16.0
B 98 101 102 103 96
C 292 300 310 308 291
D 378 379 438 402 348
E 892 922 971 969 847

21



Reproduction of flame speeds is a necessary but not sufficient con-
dition to judge the relative effectiveness of the transport methods. We
must also examine the species and temperature profiles of these flames.
As examples we consider two sets of profiles that exhibit differences
among the five methods that are as large as any observed, Figures 1 and
2 show the OH profiles for flame D. Figures 3 and 4 show the Hy profiles
for flame C. As can be seen these profiles are very similar. Almost all
the other species profiles and all temperature profiles show a greater
degree of similarity among the five profiles than the examples given.

In general, our results agree with those reported by Warnatz.18 The
exception is flame A, for which Warnatz reported a flame speed of 10.4
cm/sec, referenced to 291K. Our computed flame speed is about twenty
percent higher. Based on our results, we infer that Warnatz's use of a
transport method slightly different from any of those reported here should
not make that large a difference. We do not know the cause of the
discrepancy.

As a check of our code, we computed the flame speed for flame A,
using the kinetics and transport parameters of Dixon-Lewisl2? and Method I.
The resulting flame speed was 9.2 cm/sec, referenced to 291K. This agrees
with the computed result reported by Dixon-Lewis and we conclude that our
code is functioning properly.

We are comparing the model results produced as we vary the transport
algorithm and not comparing the model result with experiment. Thus, the
fact that the use of Warnatz' parameters produces a slightly inaccurate
flame speed for flame A is of no concern.

IV. DISCUSSION

The numerical results shown in Table 3 demonstrate that reliable
results can be obtained for the Hy-0,-N, system even for the case of our
a pricri determined constant transport method. Note that we cannot infer
that transport is unimportant! The computed profiles and flame speeds
can be sensitive to the choice of transport parameters selected. For
the relative tests of the transport methods here, we have employed the
same set of species viscosities, thermal conductivities and binary dif-
fusion coefficients in all cases. We have demonstrated that the method
used to generate the multicomponent, polyatomic transport coefficients
is not critical for the H2-0-Ny flame. And since this flame is reason-
ably complex we infer that this result has a high probability of being
valid for other flames.

Indeed, we conclude that gross errors detected in comparing the
results of different models are more likely to be traceable to differences
in input data rather than to the method of approximating multicomponent
polyatomic transport properties.

We cannot completely explain the surprising agreement among the
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various methods. In this section we will show that our results are con-
sistent with the few previous studies of transport algorithms. We will
also discuss some additional numerical results that give some indication
of the processes involved.

Warnatz14 essentially compared Methods II and III for an ozone
flame and found the differences negligible. However, it was not clear
that his observations could be generalized to more complex flames.

In another paper18 Warnatz included thermal diffusion in a simula-
tion of an Hy-0,-N; flame. He used essentially Method IV together with
a simple binary formula for thermal diffusion valid only for heavy
isotopes.6 He found that the effect of thermal diffusion so defined was
to lower the flame speed in a rich flame by about 5%. Species and tem-
perature profiles were only slightly changed. He did not discuss the
accuracy of this approximation for a mixture.

As noted earlier, Dixon-Lewis24 considered the effect of thermal
diffusion. However, he assumed a particular mass flow and simplified
chemistry. He found that the thermal diffusion flux of Hp was quite
large and inferred that effects due to thermal diffusion would be impor-
tant when considering hydrogen atom diffusion in flame systems. This
inference is contrary to our findings. Our results also show that, for
H and Hy, the thermal diffusion velocity Wi can be quite large compared
to the species diffusion velocity Vj. However, we find that these dif-
ferences cause only small changes in both the flame speeds and the pro-
files. This finding supports that of Dixon-Lewisl2 who in a recent paper
reported that the inclusion of thermal diffusion for near stoichiometric
Hz-air flames lowers the burning velocity by 5 to 6%.

In an attempt to gain additional insight, we have written an auxilary
code to directly compare the transport properties. The input required
for this code are the values of the temperature, the species concentra-
tions, and the temperature and species gradients. Then the thermal
conductivity xo and the diffusion velocities Vi are computed using the
subroutines written for Methods I through IV, and comparisons among the
values for A, and Vi are made. By doing this we avoid the complicated
interplay between transport and chemistry that occurs in flames.

The auxiliary code was executed using several hundred sets of input
values that were typical of those observed in the flames reported above.
These input values were divided into four groups for analysis. Group It
consisted of small species and temperature gradients, Group 2 of large
species and temperature gradients, Group 3 of large species gradients
and a zero temperature gradient, and Group 4 of small species gradients
and large temperature gradients. By a large gradient we mean a value
typical of a flame front.

The values of thermal conductivity computed with the auxiliary code
showed little variation, regardless of the input group or approximation
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method used. Specifically, the differences between Methods I and II, I
and III, and I and IV averaged 2, 3 and 5%, respectively. In general,
the thermal conductivities of the individual species are not this well
known either theoretically or experimentally. So despite the widely
different levels of complexity, the four methods produced equivalent
values for Age

The results of the comparisons for diffusion velocities are more
difficult to summarize. Differences varied from less than 1% up to
several hundred percent, depending on the particular input values and
the particular species considered. Differences of 30 to 40% were common
and in general were larger for the major species than for the minor species.

We could not establish why there was a high degree of similarity
in the flame speeds and profiles even though these were large differences
in the Vi in the auxiliary code. We speculate that part of the reason

for this is due to the constraint % Yivi = 0, which is satisfied by

all of our methods. Another const%é%nt on the diffusion velocities in
the flame code is the fixed chemistry employed. How the non-linear feed-
back between the chemistry and the transport affects the similarity in
the flame speeds and profiles is unknown.

Nevertheless, some interesting conclusions can be drawn from these
comparisons. For instance, it is often assumed that thermal diffusion
is negligible. This assumption corresponds to that made in Group 3.
(If the temperature gradient is zero, the thermal diffusion velocities
wi will also be zero).

For this group, we find that the values of the diffusion velocities
computed by Methods I and II agree to about 1%. In contrast, the values
of the diffusion velocities computed by Methods IIT and IV differ from
those computed by Method I by much more (typical differences are around
40%). This comparison implies that Method II (i.e., the Stefan-Maxwell
equations) is much more accurate in determining the values for the dif-
fusion velocities than the non-matrix methods. Note that this conclu-
sion is valid only for the case of zero temperature gradient.

For the other three groups of input to our auxiliary code, we find
that the diffusion velocities computed by Method III are usually in
better agreement with those computed by Method I than those computed by
Method II! This situation can occur because in Method III the errors in
ignoring thermal diffusion and in approximating the molecular diffusion
velocities are generally of opposite sign. We conclude that it is a
waste of effort to use a matrix method (such as the Stefan-Maxwell
equations) to compute diffusion velocities unless thermal diffusion is
also considered.

Method III is generally more accurate than Method IV. Method IV
can be extremely inaccurate in computing the diffusion velocity for the
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Nth species. In the cases considered we have found that the values
computed by Method IV for Np differ, on the average, more than 100% from
the values found by Method I. This is due to the procedure used to
obtain the diffusion velocity for the Nth species. This procedure tends
to associate cumulative errors caused by neglect of the constraint, Eq.
(12), with the Nth species, here Np. We have found that Method IIT (the
Boris and Oran procedure) is at least as accurate and in some cases
substantially more accurate than the traditional Method IV for computing
the Vj. Furthermore the Boris and Oran procedure involves very little
additional computational effort.

V. A NEW TRANSPORT METHOD

For flames more complicated than Hp-02-N; we require a transport
algorithm that is computationally efficient and relatively precise. The
most exact procedure considered, Method I, can become prohibitively
expensive for a large number of species. Method V is computationally
efficient, but we feel caution is necessary in using such a simplified
model. There does not seem to be a great deal to choose from among
Methods II, III, and IV and so we have assembled a new method, Method VI.

As with Methods II-V we require expressions for A _and for the
Vi(= V5 + Wy). For the thermal conductivity we use the simplest formula
(20), since the exact choice does not appear to be important. For the
molecular diffusion velocities Vi we use the expression in equation (17).

For problems with light species and steep temperature gradients,
the neglect of thermal diffusion is often as important as the differences
between the computational methods. So below we generate a technique that
approximates the thermal diffusion contribution to the diffusion velocity,
Wj. We shall first derive an expression for Wi of a binary mixture and
then generalize the results.

For a binary mixture equation (2a) can be written

T
- (1-Yy) X1 D1” 9aanT
V., = D = (27)
1 X1X2 12 9x le ax
from which we identify
Dy’ agnT (28)
e = = 2l SHMILE
1
le aX
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Since, from Eq. (17),

_ o= (1-Y1) 9X1 .
Vy-= XX, D12 3% (29)

and since the thermal diffusion ratio is defined by reference 6

—J

= . (30)

12 leY2 D12

~
i
<
—
>~
=

we can write, after some algebra,

- 9 9X1
W =k, V = (n)/ &L . (31)

Theoretical expressions for Rj; have been derived and even in the
first approximation the expressions are quite complicated.® For the
special case of heavy isotopes, however, the first approximation simpli-
fies tob

_ I5(2A% + 5)(6C* - 5) (M] - My)
R, = JR*(16A" - 12B% 7 SSyGM, + M) 12 (32)

Fortunately Eq. (32) reproduces H,-Np thermal diffusion ratios to within
30%, and so we use it as a simple but reasonable approximation for hlz
Equatlon (31) can now be evaluated (in the code).

Generalizing Eq. (31) we define

- 3X;
w, = hlm ; ax (enT)/ 5—i- I (33)

If an expression for kjp can be obtained, then Wi of Eq. (33) can be
evaluated. Chapman and Cowllng 33 have derived an approximation for him’

335. Chapman and T.G. Cowling, The Mathematical Theory of Non-Uniform

Gases, Third Edition, Cambridge University Press (1970).
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specifically

N
By _ B ke (34)
im Tj=1 )
i#j

where hij is given by an expression analogous to Eq. (32).

From Eq. (32) we can see that the influence of Wj will be the
greater the larger the mass differences. Normally the thermal diffusjion
ratio does not exceed 0.1 and for the Hy-0,-N, system, we have computed
W; only for the species H and Hy. The resulﬁing diffusion velocities
V. = V. + . do not satisfy the constraint & Y.V.

i i i j=1 i1
Boris and Oran procedure discussed in Section II to obtain this condition.

= 0. We use the

Computationally, the quantity 15(2A* + 5)/(2A*(16A* - 12B* + 55))
can be fitted very accurately by a function of the form: a exp (/=)
The quantity (6C* - 5) varies over the range zero to one and could not
be fitted accurately by a simple expression. <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>